Macroscopic Entanglement of a Bose Einstein Condensate on a Superconducting 

Atom Chip 
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We propose and analyse a practically implementable scheme to generate macroscopic entanglement 
of a Bose- Einstein condensate in a micro-magnetic trap magnetically coupled to a superconducting 
loop. We treat the superconducting loop in a quantum superposition of two different flux states 
coupled with the magnetic trap to generate macroscopic entanglement. Our scheme also provides a 
platform to realise interferometry of entangled atoms through the Bose-Einstein condensate and to 
explore physics at the quantum-classical interface. 
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Entanglement is considered to be one of the most fun- 
damental features of quantum mechanics. In addition, it 
is of great importance in the context of quantum infor- 
mation and quantum computation. In recent years, there 
have been considerable efforts to generate and preserve 
entanglement for quantum information processing. In 
particular, entanglement at macroscopic level is of prime 
interest to explore physics at the interface of classical 
and quantum mechanics. Also, macroscopically entan- 
gled states are promising candidates for the practical re- 
alization of a quantum computer. 

In recent years there has been ground breaking 
progress in the field of manipulation of BECs. Nowa- 
days, it is relatively easy to produce a BEC in a micro- 
magnetic trap on an atom chip [l| . A BEC in such traps 
can be coherently manipulated with RF fields 0, 0| and 
microwaves 0, HI • Since neutral atoms can be positioned 
a few microns from the chip surface and moved with 
nanometre resolution, atom chips provide a convenient 
platform to study the interaction between a BEC and 
a nearby surface [(J including the study of fundamental 
quantum effects such as the Casimir-Polder interaction 
[3] . The field of superconducting circuits is also progress- 
ing rapidly in terms of technological implementation and 
realization of quantum coherent control of superconduct- 
ing qubits [1, @] . A macroscopic superposition of differ- 
ent magnetic flux states has been demonstrated 1(J 11 1 
and quantum coherent dynamics of flux qubits have been 
realised Entanglement and decoherence of a mi- 

cromechanical resonator via coupling to a Cooper-pair 
box have been studied [13| . Recently, a mechanical ana- 
logue of cavity quantum electrodynamics was proposed 
based on the idea of coupling a nanomechanical resonator 
to the BEC on an atom chip [3]. Atom chips based 
on superconducting substrates and wires have been im- 
plemented [3, However, to our knowledge there 
has been no proposal or realization of quantum coher- 
ent dynamics based on the quantum mechanical prop- 
erties of a superconducting circuit coupled with the ul- 



tracold atoms on an atom chip. Thus, by exploiting the 
quantum mechanical properties of superconducting cir- 
cuits and their interactions with nearby ultracold atoms 
or a BEC new physics at the quantum-classical interface 
can be explored. 

In this Letter we propose a scheme which combines 
two emerging fields, micro-manipulation of a BEC on an 
atom chip and quantum coherent control in supercon- 
ducting circuits, to realise a macroscopic entanglement 
of a BEC. Our proposal is based on coupling a supercon- 
ducting loop to a magnetic trap containing a BEC on an 
atom chip. The physical arrangement is shown in Fig. [1] 
Ultracold neutral atoms or a BEC can be trapped in a 
magnetic trap above the surface by applying an exter- 
nal bias field in the plane of a Z-shaped current carrying 
wire. A superconducting loop is positioned symmetri- 
cally above the Z-wire and below the trap in such a way 
that there is zero net flux linked to it. The trap position 
and trap frequencies depend on the external bias fields 
and the current in the trapping wire. A nearby supercon- 
ducting loop carrying persistent current can perturb such 
a magnetic trap through magnetostatic interactions. The 
sign of such a perturbation depends on the direction of 
the persistent current flowing in the loop and its location 
with respect to the trap. 

A superconducting loop when placed in an external 
flux permits only discrete values of the net flux threaded 
through it, which is an integral multiple of the flux quan- 
tum. In other words, the super-current in the loop re- 
sponds automatically to any change in the externally ap- 
plied flux in order to keep the closed loop phase acquired 
by the wave function an integral multiple of 2ir . In the 
case of a superconducting ring interrupted by a Joseph- 
son junction the total energy corresponds to a double 
well in the flux basis [10|, where the left (right) well cor- 
responds to persistent current flowing in a clockwise (an- 
ticlockwise) direction in the loop. When the external flux 
is equal to half of the flux quantum such a double well 
is symmetric. The inter-well tunneling can be controlled 
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FIG. 1: (Color online) Schematic showing a superconducting 
loop situated symmetrically above a Z-shaped wire magnetic 
trap. The magnetic trap containing a BEC can be moved 
closer to the loop in order to increase the interaction between 
them. The superconducting loop can be biased appropriately 
by applying an external field along the z-direction (pointing 
normal to the page). 



by replacing the Josephson junction with split junctions 
(DC-SQUID) 0. 

At low temperature the superconducting loop can be 
prepared in a quantum superposition of two persistent 
current states flowing clockwise and anticlockwise by bi- 
asing it at half of the flux quantum. If the magneto- 
static coupling of the loop to a magnetic trap containing 
a BEC is increased adiabatically, the BEC will follow 
the trap perturbation caused by the persistent current 
in the loop. Since the persistent current is in quantum 
superposition, a macroscopic entanglement between the 
state of the BEC in the perturbed trap configurations 
and the persistent current state of the superconducting 
loop can be created. One trap configuration can differ 
from the other one in terms of its spatial distribution 
and the chemical potential of the BEC. The entangle- 
ment can be detected by carefully measuring the centre of 
mass distribution of the released condensate in repeated 
measurements. The distribution of the centre of mass 
is a consequence of interference of the entangled atoms, 
which is also discussed in this Letter. 

The entangling dynamics can be described by the 
Hamiltonian of the superconducting loop coupled to the 
magnetic trap containing a BEC. In the symmetric case 
the Hamiltonian of the superconducting loop can be 
treated as a two level system at low temperature 

H s = E \0)(0\ + E \l)(l\ + J|1)(0| + J|0)<1| (1) 

where |0) and |1) represent the ground state of the left 
and the right well, respectively and J is the tunnelling 
amplitude between them. 

The Hamiltonian of an atom of mass m in the ground 



state of the trap coupled to the superconducting loop in 
the case J = can be written as 



-h 2 

2m 



W 2 + V{r) 1+ AVo(r)|0)(0| 



A^i(r)|l)(l| 



*(r)dr 



(2) 



where AVo(r) and AVi(r) are the perturbations in the 
trap potential AV(r) due to interaction with the loop for 
states and |0), |1) respectively and |0)(0| + |1)(1| = I. In 
the case when the perturbation is increased adiabatically 
the field operator ^(r, i) can be expanded as a linear 
combination of (f>o(r,t) and (f>i(r,t) the ground states in 
the two perturbed potentials, respectively; 



*(r, i) = a Q( f> (r, t)\0) (0| + & x fa(r, t)\l) (1| (3) 

where ao and &i are the corresponding bosonic annihi- 
lation operators. Therefore, from Eq. [2l Eq. [3] and Eq. [4] 
the total Hamiltonian of the system can be written as 



H = ^o|0)(0|+ J Bo|l)(l|+ M oW4ao|0)(0|+ m (i)a t 1 ai|l>(l| 

(4) 

where 



MoO) = 
and 



V(r) 



(5) 



Mi(t) = J 4>l(r,t) ^—V' + V(r) + AV 1 (r,t)j ^(r,t)dr 

(6) 

are the energy eigenvalues in the case of two perturbed 
situations of the trap. 

Let us see how entanglement can be generated. In the 
first step a BEC of N atoms can be prepared in a Z-wire 
magnetic trap far away from the superconducting loop 
so that coupling between them can be neglected. In the 
second step the superconducting loop can be prepared in 
a symmetric superposition \S) = (|0) + |1))/V2 and then 
the tunnelling amplitude J can be reduced to zero. In 
the third step the BEC can be slowly brought closer to 
the superconducting loop so that the coupling between 
them is increased adiabatically and BEC will follow two 
different configurations of the trap in quantum superpo- 
sition. At one point where the coupling is sufficiently 
strong they will be distinguishable. 

Therefore at t = the initial state of the system is 
\%t= 0) = (|0) + \l))\N,t = 0)/V2, where \N,t = 0) is 
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the state corresponding to N atoms in the ground state 
of the trap in the case of no coupling with the flux loop. 
When the coupling is increased adiabatically the state of 
the system evolves to 



I*.*) 



J~/ (t)-i(E t+N f* fi (t')dt')/H 



V2 

|0)|7V,t) + e i *( t )|l)|7V,i) 1 l (7) 



where 



$(f) = N 



Mo(t')-Mi(*') 



d<'+ 7 i(i)- 7 o(t) (8) 



also 7o(t) and 71(f) represent the geometrical phase 
and \N,t)o and \N,t)\ are states corresponding to N 
atoms in the BEC in two perturbed situations of the 
trap, respectively. Since the process is adiabatic these 
two states follow the ground state of their respective per- 
turbed potentials with time and when the coupling is 
zero these two states correspond to \N,t) . It is evident 
that state \^,t) spans different macroscopically entan- 
gled states as $(£) evolves with time. If we only consider 
the state of the condensate for Q(t) — and ignore the 
overall phase, the state (4) can also be expressed as 



I*) = 



1 



(|0,JV)oi + |AT,0) 01 



(9) 



where 1 , TV) 1 is the state representing zero atoms in 
one perturbed configuration of the trap and N atoms 
in the other configuration. The perturbation in the Z- 
wire magnetic trap potential along the axial direction 
due to the superconducting loop is shown in Fig. [21 The 
distance between the superconducting loop and the trap 
centre, which is located on the axis of the loop, is 10 pm 
and the diameter of the superconducting loop is 10 pm. 
A field of about 0.1 G applied along the z-direction to 
bias the loop. The trap parameters are calculated for 
a Z-wire of length 5 mm, 5 A current and 20 G bias 
field along the y-direction. The trap bottom can be ad- 
justed by applying a field in the x-direction. For these 
parameters the amplitude of the perturbation is about 
5.5 mG and the chemical potential for N atoms of 87 Rb 
(for \F = 2, uip = 2)) in absence of any perturbation is 
0.026317V 2/5 mG. The distance between the minima of 
the two perturbed configurations is of the order of the 
diameter of the superconducting loop. 

The next important question is how to detect such 
a state and how it can be distinguished from a non- 
entangled state. The quantum interference of such an en- 
tangled state has been demonstrated for photons 17 , H} 
and studied for ions [ljj, [2(| • The quantum correlation 
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FIG. 2: Magnetic field profile of a Z-wire magnetic trap 
along the axial direction coupled to a superconducting loop 
when the persistent current flows (a) clockwise and (b) anti- 
clockwise. The dotted curve represents the field profile with- 
out any coupling. 



properties of multi-particle systems are discussed in 21 1 . 
By releasing a condensate existing in an entangled state 
Eq. [9] one can observe quantum interference between dif- 
ferent base vectors. However, in contrast to the case of 
the interference pattern observed for two different con- 
densates [iij the interference from the state Eq. [5] has 
some characteristic properties. The interference pattern 
obtained after time t by spatially overlapping two differ- 
ent condensates (with initial Gaussian width <7q ) located 
at ±d/2 has a density modulation with the inverse of its 
periodicity given by 1/A = tmd/ (2irh{t 2 + (m(Tg//i) 2 )) . 
However, for entangled state Eq. [5] the interference can 
be treated as one large particle, which is made of N parti- 
cles, interfering with itself. In this case the periodicity in 
the centre of mass density pattern obtained by repeated 
measurements is A/N and the system behaves as if its 
de Broglie wavelength is diminished by a factor of N. 
This interference pattern is a signature of the existence 
of macroscopic entanglement of the BEC with the su- 
perconducting loop. However, only those measurements 
which count same N should be considered, therefore, a 
precise control for state preparation (Eq. [7]) is required, 
where <!>(£) should not vary more than over tt/ (2N) from 
measurement to measurement. Details of similar mea- 
surements are discussed in [21] . However, the number 



of particles in state Eq. [9] are limited by the require- 
ment of higher resolution and better detection efficiency. 
This also demands improved shot to shot phase stability. 
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Another parameter which could also limit the number 
of particles is the back action of the atoms on the su- 
perconducting loop which we have not considered in our 
treatment. On the other hand, an appropriate operation 
on the state of the superconducting loop can also provide 
an evidence of the existence of a macroscopic entangle- 
ment of the coupled system. 

In the context of experimental realization it is impor- 
tant to consider that the magnetic field from the Z-wire 
and the bias field should be less than the critical field 
of the superconducting loop. The experiment can be 
constructed by utilizing flip-chip technology, where the 
Z-wire and the superconducting loop can be constructed 
on two different substrates which can be bonded together 
with high precision with an appropriate gap between 
them. The Z-wire can also be constructed from a su- 
perconducting material in order to reduce the technical 
noise in the current. The atom chip should be shielded 
from background radiation by a gold coated copper shield 
and the whole assembly can be mounted on a cold finger 
with the chip pointing up side down. The ultracold atoms 
can be prepared in a different chamber and magneti- 
cally transported to the chip where they can be trapped 
and evaporatevely cooled [16| down to BEC. There are 
various factors which can destroy macroscopic entangled 
state described by Eq. [9l Loss of a single atom from 
this state can easily destroy it by sharing its information 
with the environment. However, a superconducting flux 
superposition itself is prone to environment induced deco- 
herence [H . The process of entangling the BEC with the 
superconducting loop must happen within the decoher- 
ence time limit. In the case of a short decoherence time 
the adiabatic condition might be interrupted, therefore 
the BEC could be excited. 

In conclusion we have shown how the coherent dynam- 
ics of a superconducting loop can be used to generate a 
macroscopic entanglement of a BEC on an atom chip. 
Such a macroscopic entanglement could be useful to ex- 
plore fundamental quantum mechanics by studying how 
quantum mechanical effects behave at the macroscopic 
level and how they decohere with the size of the system. 
It may also be possible to explore decoherence between 
the superconducting circuit and the BEC by varying the 
trap parameters and the size of the system such as the 
number of atoms in the BEC. Also, after the generation 
of entanglement the BEC could be excited in order to 
study how randomness in a macroscopic system plays a 
role in the destruction of quantum coherence. Finally, we 
have shown how such a macroscopic entanglement can be 
detected by exploiting the interference pattern of an en- 
tangled BEC. Thus, our scheme also provides a way to 
realize quantum entanglement interferometry on an atom 
chip. 
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